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TRANSPORTATION INEQUALITIES UNDER UNIFORM METRIC
FOR A STOCHASTIC HEAT EQUATION DRIVEN BY TIME-WHITE
AND SPACE-COLORED NOISE
SHIJIE SHANG AND RAN WANG
Abstract In this paper, we prove transportation inequalities on the space of continuous
paths with respect to the uniform metric, for the law of solution to a stochastic heat
equation defined on r0, T sˆ r0, 1sd. This equation is driven by the Gaussian noise, white
in time and colored in space. The proof is based on a new moment inequality under
the uniform metric for the stochastic convolution with respect to the time-white and
space-colored noise, which is of independent interest.
Keywords Stochastic heat equation, Transportation inequality, Girsanov transforma-
tion.
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1. Introduction
The purpose of this paper is to study Talagrand’s T2-transportation inequality for the
following d-dimensional spatial stochastic heat equation on r0, 1sd,$’&’%
B
Bt
upt, xq “ ∆upt, xq ` σpupt, xqq 9F pt, xq ` bpupt, xqq, t ě 0, x P p0, 1qd,
upt, xq “ 0, x P Bpr0, 1sdq,
up0, xq “ u0pxq, x P r0, 1s
d,
(1.1)
where ∆ is the Laplacian operator on p0, 1qd, Bpr0, 1sdq is the boundary of r0, 1sd, and u0
is a continuous function on r0, 1sd with u0pxq “ 0 for any x P Bpr0, 1s
dq. Assume that the
coefficients σ and b satisfy the following conditions:
(C1). σ and b are Lipschitzian, i.e., there exist some constants Lσ, Lb P r0,8q such that
|σpv1q ´ σpv2q| ď Lσ|v1 ´ v2|, |bpv1q ´ bpv2q| ď Lb|v1 ´ v2|, @v1, v2 P R. (1.2)
(C2). σ is bounded, i.e., there exists a constant Kσ P p0,8q such that
|σpvq| ď Kσ, @v P R. (1.3)
Throughout this paper, we work on a filtered probability space pΩ,F , tFtutě0,Pq,
where the filtration tFtutě0 satisfies the usual conditions. The noise F “ tF pϕq, ϕ :
Rd`1 Ñ Ru is an L2pΩ,F ,Pq-valued Gaussian process with mean zero and covariance
functional given by
Jpϕ, ψq :“
ż
R`
ds
ż
Rd
dx
ż
Rd
dyϕps, xqfpx´ yqψps, yq, ϕ, ψ P SpRd`1q, (1.4)
where f : Rd Ñ R` is continuous on R
dzt0u, and SpRd`1q is the space of all Schwartz
functions on Rd`1, all of whose derivatives are rapidly decreasing. As a covariance
functional of a Gaussian process, the functional Jp¨, ¨q should be non-negative definite,
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this implies that f is symmetric (fpxq “ fp´xq for all x P Rd), and is equivalent to the
existence of a non-negative tempered measure λ on Rd, whose Fourier transform is f .
More precisely, the relationship between λ and f is that for all ϕ P SpRdq,ż
Rd
fpxqϕpxqdx “
ż
Rd
Fϕpξqλpdξq, (1.5)
here Fϕ is the Fourier transform of ϕ, Fϕpξq :“
ş
Rd
expp´2ipiξ ¨ xqϕpxqdx. See [7] for
details.
In this paper, we assume the following hypothesis:
pHηq. There exists a constant η P r0, 1q satisfying that
Kη :“
ż
Rd
λpdξq
p1` |ξ|2qη
ă `8. (1.6)
For instance, the tempered measure λ associated with the function fpxq “ |x|´κ, κ P
p0, 2^ dq, satisfies (1.6).
As in R. Dalang [7], the Gaussian process F can be extended to a worthy martingale
measure, in the sense of J. Walsh [26], thus we can use the Walsh integral against F to
give the definition of mild solutions to (1.1) as follows. A continuous adapted random
field u “ tupt, xq, pt, xq P R` ˆ r0, 1s
du is called a mild solution of equation (1.1), if it
satisfies
upt, xq “
ż
r0,1sd
Gtpx, yqu0pyqdy `
ż t
0
ż
r0,1sd
Gt´spx, yqσpups, yqqF pds, dyq
`
ż t
0
ds
ż
r0,1sd
dyGt´spx, yqbpups, yqq, P´ a.s., x P r0, 1s
d, t ě 0, (1.7)
where Gtpx, yq is the Green kernel associated with the heat equation on r0, 1s
d:$’&’%
B
Bt
Gtpx, yq “ ∆xGtpx, yq, t ě 0, x, y P p0, 1q
d,
Gtpx, yq “ 0, x P Bpr0, 1s
dq,
G0px, yq “ δpx´ yq.
(1.8)
The study of existence and uniqueness of solution to equation (1.7) on Rd has been
studied by R. Dalang in [7]. Many other authors have also studied d-dimensional spatial
stochastic heat equations, see [12, 14] and references therein. Under the assumption (C1)
and pHηq for η P r0, 1q, D. Ma´rquez-Carreras and M. Sarra` [14] proved that equation
(1.1) admits a unique solution.
In this paper, we shall study Talagrand’s transportation inequality for solution of
equation (1.1) under the uniform metric. Let us first recall the transportation inequality.
Let pE, dq be a metric space, and MpEq be the space of all probability measures on E.
Given µ, ν P MpEq and p ě 1, the Wasserstein distance is defined by
Wppµ, νq :“ inf
pi
„ż
E
ż
E
dpx, yqp pipdx, dyq
1
p
,
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where the infimum is taken over all the probability measures pi on E ˆE with marginal
distributions µ and ν. The relative entropy of ν with respect to µ is defined as
Hpν|µq :“
" ş
log dν
dµ
dν, if ν ! µ;
`8, otherwise.
(1.9)
The probability measure µ satisfies the Tp-transportation inequality on pE, dq if there
exists a constant C ą 0 such that for any probability measure ν on E,
Wppµ, νq ď
a
2CHpν|µq.
As usual, we write µ P Tp for this relation. The properties T1 and T2 are particularly
interesting.
It is known that Talagrand’s transportation inequality is closely related to the con-
centration of measure phenomenon, the log-Sobolev and Poincare´ inequalities, see for
instance monographs [1, 18, 20, 25]. Recently, the problem of transportation inequalities
to stochastic (partial) differential equations has been widely studied and is still a very
active research area from both a theoretical and an applied point of view, for example
see [10, 13, 17] and references therein.
The work of M. Talagrand [24] on the Gaussian measure had been generalized by
D. Feyel and A. S. U¨stunel [11] to the framework of the abstract Wiener space. For
stochastic differential equations (SDEs for short), by means of Girsanov transformation
and the martingale representation theorem, the T2 w.r.t. the L
2 and the Cameron-
Martin metrics were established by H. Djellout et al. [9]; the T2 w.r.t. the uniform
metric was obtained by L. Wu and Z. Zhang [28]. J. Bao et al. [2] established the
T2 w.r.t. both the uniform and the L
2 metrics on the path space for the segment
processes associated with a class of neutral functional stochastic differential equations.
B. Saussereau [22] studied the T2 for SDEs driven by fractional Brownian motion, and
S. Riedel [21] extended this result to SDEs driven by general Gaussian processes by using
Lyons’ rough paths theory.
For stochastic partial differential equations (SPDEs for short), L. Wu and Z. Zhang
[29] studied the T2 w.r.t. the L
2 metric by Galerkin approximations. B. Boufoussi and
S. Hajji [4] obtained the T2 w.r.t. the L
2 metric for stochastic heat equations driven
by space-time white noise by Girsanov transformation, while D. Khoshnevisan and A.
Sarantsev [16] studied this problem for more general SPDEs. T. Zhang and the first
named author [23] established the T2 w.r.t. the uniform metric for the stochastic heat
equation driven by multiplicative space-time white noise. The above results are all forced
on the SPDEs with deterministic initial values. Recently, F.-Y. Wang and T. Zhang [27]
studied the transportation inequalities for SPDEs with random initial values.
The aim of this paper is to prove that under the uniform metric, the T2 holds for
stochastic heat equations driven by multiplicative time-white and space-colored noise.
Our new contribution is the pth-moment inequality under the uniform metric for the
stochastic convolution with respect to the time-white and space-colored noise, which is
of independent interest.
The rest of the paper is organized as follows. In Section 2, we first recall some facts
about the stochastic integrals with respect to the time-white and space-colored noise,
and establish the pth-moment inequality under the uniform metric for the stochastic
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convolution with respect to the time-white and space-colored noise. In Section 3, we
prove the T2 for the law of the solution to equation (1.1).
2. Stochastic integrals and moment estimates for the stochastic
evolution
2.1. Stochastic integrals with respect to time-white and space-colored noise.
Recall (1.5). Denote by H the Hilbert space obtained by the completion of SpRdq with
respect to the inner product
xφ, ψyH :“
ż
Rd
dx
ż
Rd
dy φpxqψpyqfpx´ yq
“
ż
Rd
λpdξqFφpξqFψpξq, φ, ψ P SpRdq, (2.10)
here z is the conjugate of the complex number z. The norm induced by x¨, ¨yH is denoted
by } ¨ }H.
Recall that the predictable σ-field on Ωˆr0, T s is generated by the sets tps, tsˆA;A P
Fs, 0 ď s ă t ď T u. There are two ways to define the stochastic integral against
time-white and space-colored noise, see [8] for details.
On the one hand, as in R. Dalang [7], the Gaussian process F can be extended to a
worthy martingale measure in the sense of J. Walsh [26]. By using the approximation
technique, for any H-valued predictable process g P L2pΩ ˆ r0, T s;Hq, the stochastic
integral ż T
0
ż
Rd
gps, xqF pds, dxq (2.11)
is well-defined, see [7]. Furthermore, the above Walsh integral can be defined for g P
L2pr0, T s;Hq, P-a.s., by using localization techniques.
On the other hand, for any orthonormal basis tekukě1 of the Hilbert space H, the
family of processes "
Bkt :“
ż t
0
ż
Rd
ekpyqF pds, dyq, k ě 1
*
are a sequence of independent standardWiener processes and the process Bt :“
ř
kě1B
k
t ek
is a cylindrical Brownian motion on H. It is well-known that (see [6] or [8]) for any H-
valued predictable process g P L2pΩ ˆ r0, T s;Hq, we can define the stochastic integral
with respect to the cylindrical Wiener process B as follows:ż T
0
gpsqdBs :“
ÿ
kě1
ż T
0
xgpsq, ekyHdB
k
s . (2.12)
Note that the above series converges in L2pΩ,F ,Pq and the sum does not depend on the
selected orthonormal basis. Moreover, each summand, in the above series, is a classical
Itoˆ integral with respect to a standard Brownian motion.
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By [8, Proposition 2.6], we know that for any H-valued predictable process g P L2pΩˆ
r0, T s;Hq, ż T
0
ż
Rd
gps, xqF pds, dxq “
ż T
0
gpsqdBs. (2.13)
2.2. Moment estimates for the stochastic convolution under the uniform met-
ric. In this part, we will establish some moment estimates for the stochastic convolution
driven by the time-white and space-colored noise. This part is inspired by [23] in the
case of the space-time white noise.
For any random variable ξ P LppΩq, let }ξ}LppΩq :“ pE|ξ|
pq
1
p .
Proposition 2.1. Let tσps, yq, ps, yq P r0, T s ˆ r0, 1sdu be a predictable random field
and tpspx, yq, ps, x, yq P r0, T s ˆ r0, 1s
dˆr0, 1sdu be a deterministic function such that the
following stochastic integral is well-defined. Then for any t P r0, T s, x P r0, 1sd and p ě 2,
E
„ˇˇˇˇż t
0
ż
r0,1sd
pt´spx, yqσps, yqF pds, dyq
ˇˇˇˇp
ďp4pq
p
2
ˆż t
0
››pt´spx, ¨q}σps, ¨q}LppΩq››2H ds˙
p
2
. (2.14)
Proof. By Burkholder’s inequality (see [15, Proposition 4.4] and [7, Page 14]), we have
E
ˇˇˇˇż t
0
ż
r0,1sd
pt´spx, yqσps, yqF pds, dyq
ˇˇˇˇp
ďp4pq
p
2E
ˇˇˇˇż t
0
ds
ż
r0,1sd
dy
ż
r0,1sd
dz pt´spx, yqpt´spx, zqfpy ´ zqσps, yqσps, zq
ˇˇˇˇp{2
. (2.15)
Taking 2
p
-th power on both sides of the above inequality and using Ho¨lder’s inequality,
we get››››ż t
0
ż
r0,1sd
pt´spx, yqσps, yqF pds, dyq
››››2
LppΩq
ď4p
››››ż t
0
ds
ż
r0,1sd
dy
ż
r0,1sd
dz pt´spx, yqpt´spx, zqfpy ´ zqσps, yqσps, zq
››››
L
p
2 pΩq
ď4p
ż t
0
ds
ż
r0,1sd
dy
ż
r0,1sd
dz pt´spx, yqpt´spx, zqfpy ´ zq }σps, yqσps, zq}L
p
2 pΩq
ď4p
ż t
0
ds
ż
r0,1sd
dy
ż
r0,1sd
dz pt´spx, yqpt´spx, zqfpy ´ zq }σps, yq}LppΩq }σps, zq}LppΩq
“4p
ż t
0
››pt´spx, ¨q}σps, ¨q}LppΩq››2H ds. (2.16)
Then we take p
2
-th power on both sides of the above inequality to obtain (2.14). The
proof is complete. 
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Proposition 2.2. Suppose hypothesis pHηq holds. Let tσps, yq, ps, yq P R` ˆ r0, 1s
du be
a random field such that the stochastic integral against the time-white and space-colored
noise F in (2.17) is well-defined. Then for any T ą 0 and p ą 4`d
1´η
, there exists a
constant CT,p,η ą 0 such that
E
«
sup
pt,xqPr0,T sˆr0,1sd
ˇˇˇˇż t
0
ż
r0,1sd
Gt´spx, yqσps, yqF pds, dyq
ˇˇˇˇpff
ďCT,p,η
ż T
0
sup
yPr0,1sd
E |σps, yq|p ds. (2.17)
Proof. The proof is based on the factorization method, which is inspired by [23]. We
shall give its proof for the completeness. Obviously, we can assume that the right hand
side of (2.17) is finite. Choose α such that d`2
2p
ă α ă 1
2
´ 1
p
´ η
2
. This is possible because
p ą 4`d
1´η
.
Let
pJασqps, yq : “
ż s
0
ż
r0,1sd
ps´ rq´αGs´rpy, zqσpr, zqF pdr, dzq, (2.18)
pJα´1fqpt, xq : “
sinppiαq
pi
ż t
0
ż
r0,1sd
pt ´ sqα´1Gt´spx, yqfps, yqdsdy. (2.19)
By the stochastic Fubini theorem, for any pt, xq P R` ˆ r0, 1s
d,ż t
0
ż
r0,1sd
Gt´spx, yqσps, yqF pds, dyq “ J
α´1pJασqpt, xq, P-a.s.. (2.20)
Therefore
sup
pt,xqPr0,T sˆr0,1sd
ˇˇˇˇż t
0
ż
r0,1sd
Gt´spx, yqσps, yqF pds, dyq
ˇˇˇˇ
“ sup
pt,xqPr0,T sˆr0,1sd
ˇˇ
Jα´1pJασqpt, xq
ˇˇ
, P-a.s.. (2.21)
By Ho¨ler’s inequality, (2.21) and (4.52) in Appendix, we have
E sup
pt,xqPr0,T sˆr0,1sd
ˇˇˇˇż t
0
ż
r0,1sd
Gt´spx, yqσps, yqF pds, dyq
ˇˇˇˇp
“E sup
pt,xqPr0,T sˆr0,1sd
ˇˇˇˇ
sinppiαq
pi
ż t
0
ż
r0,1sd
pt´ sqα´1Gt´spx, yqJασps, yq dsdy
ˇˇˇˇp
ď
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
E sup
pt,xqPr0,T sˆr0,1sd
"ż t
0
pt ´ sqα´1 ˆ
ˆż
r0,1sd
Gt´spx, yq|Jασps, yq| dy
˙
ds
*p
ď
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
E sup
pt,xqPr0,T sˆr0,1sd
#ż t
0
pt´ sqα´1 ˆ
ˆż
r0,1sd
Gt´spx, yq|Jασps, yq|
p
2 dy
˙2
p
ds
+p
ď
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
E sup
pt,xqPr0,T sˆr0,1sd
#ż t
0
pt´ sqα´1
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ˆ
ˆż
r0,1sd
Gt´spx, yq
2 dy
˙ 1
p
ˆż
r0,1sd
|Jασps, yq|
p dy
˙ 1
p
ds
+p
ď
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
p4piq´
d
2E sup
tPr0,T s
#ż t
0
pt´ sqα´1´
d
2p
ˆż
r0,1sd
|Jασps, yq|
p dy
˙1
p
ds
+p
ď
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
p4piq´
d
2E sup
tPr0,T s
«ˆż t
0
pt´ sqpα´1´
d
2p
q p
p´1 ds
˙p´1
ˆ
ˆż t
0
ż
r0,1sd
|Jασps, yq|
p dyds
˙ff
ď
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
p4piq´
d
2 ˆ
ˆż T
0
s
pα´1´ d
2p
q p
p´1 ds
˙p´1
ˆ
ż T
0
ż
r0,1sd
E|Jασps, yq|
p dyds
ďC 1T,p,α sup
ps,yqPr0,T sˆr0,1sd
E
ˇˇˇˇż s
0
ż
r0,1sd
ps´ rq´αGs´rpy, zqσpr, zqF pdr, dzq
ˇˇˇˇp
, (2.22)
where we have used the condition α ą d
2p
` 1
p
, so that
C 1T,p,α “
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
p4piq´
d
2 ˆ
ˆż T
0
s
pα´1´ d
2p
q p
p´1 ds
˙p´1
ˆ T
“
ˇˇˇˇ
sinppiαq
pi
ˇˇˇˇp
p4piq´
d
2
˜
p´ 1
αp´ 1´ d
2
¸p´1
T αp´
d
2 ă 8. (2.23)
By Ho¨lder’s inequality, (2.14) and Lemma 4.1 in Appendix, we have
E
ˇˇˇˇż s
0
ż
r0,1sd
ps´ rq´αGs´rpy, zqσpr, zqF pdr, dzq
ˇˇˇˇp
ďp4pq
p
2
˜ż s
0
ps ´ rq´2α ¨ }Gs´r}
2
H
¨ sup
zPr0,1sd
}σpr, zq}2LppΩq dr
¸p
2
ďp4pq
p
2
ˆż s
0
“
ps´ rq´2α}Gs´r}
2
H
‰ p
p´2 dr
˙ p´2
2
ˆ
˜ż s
0
sup
zPr0,1sd
}σpr, zq}p
LppΩq dr
¸
ďp4pq
p
2
ˆż s
0
”
ps´ rq´2α ˆKη
´
1_
´ η
8pi2
¯η
ps´ rq´η
¯ı p
p´2
dr
˙ p´2
2
ˆ
˜ż s
0
sup
zPr0,1sd
}σpr, zq}pLppΩq dr
¸
ďC2T,p,α,η
ż s
0
sup
zPr0,1sd
E |σpr, zq|p dr, (2.24)
where we have used the condition α ă 1
2
´ 1
p
´ η
2
, so that
C2T,p,α,η
“p4pKηq
p
2 sup
sPr0,T s
ˆż s
0
ps´ rq´
2αp
p´2
”
1_
´ η
8pi2
¯η
ps´ rq´
ηp
p´2
ı
dr
˙ p´2
2
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ďp4pKηq
p
2
ˆ
p´ 2
p´ 2´ 2αp
T
p´2´2αp
p´2 `
´ η
8pi2
¯η p´ 2
p´ 2´ 2αp´ ηp
T
p´2´2αp´ηp
p´2
˙ p´2
2
ď
1
4
p8pKηq
p
2
«ˆ
p´ 2
p´ 2´ 2αp
˙ p´2
2
T
p
2
´1´αp `
´ η
8pi2
¯ηpp´2q
2
ˆ
p´ 2
p´ 2´ 2αp´ ηp
˙ p´2
2
T
p
2
´1´αp´ ηp
2
ff
ă8. (2.25)
Combining (2.22) with (2.24), we obtain
E sup
pt,xqPr0,T sˆr0,1sd
ˇˇˇˇż t
0
ż
r0,1sd
Gt´spx, yqσps, yqF pds, dyq
ˇˇˇˇp
ďCT,p,η
ż T
0
sup
zPr0,1sd
E |σps, zq|p ds, (2.26)
where
CT,p,η “ min
d`2
2p
ăαă 1
2
´ 1
p
´ η
2
C 1T,p,α ˆ C
2
T,p,α,η. (2.27)
In view of (2.23) and (2.25), a straightforward calculation leads to
CT,p,η ăp
p
2 ˆ
1
4
ˆ
1
4pi
˙ d
2
˜a
8Kη
pi
¸p
ˆ
«
max
#ˆ
3p´ 4
p ´ 4´ d
˙ 3p
2
´2
,
ˆ
2pp´ 1q
p1´ ηqp´ 4´ d
˙p´1ˆ
p´ 2
pη
˙ p
2
´1
+
T
p
2
´1´ d
2
`
´ η
8pi2
¯ ηpp´2q
2
ˆ
3p´ 4
p1´ ηqp´ 4´ d
˙ 3p
2
´2
T
p1´ηqp
2
´1´ d
2
ff
. (2.28)
This completes the proof of the estimate (2.17). 
Based on Proposition 2.2, we can obtain the following estimate by using the argument
in the proof of [23, Proposition 3.4 ]. The proof is omitted here.
Proposition 2.3. Suppose hypothesis pHηq holds. Let tσps, yq, ps, yq P R` ˆ r0, 1s
du be
as in Proposition 2.2. Then for any T ą 0, ε ą 0 and 0 ă p ď 4`d
1´η
, there exists a
constant CT,p,η,ε such that
E
«
sup
pt,xqPr0,T sˆr0,1sd
ˇˇˇˇż t
0
ż
r0,1sd
Gt´spx, yqσps, yqF pds, dyq
ˇˇˇˇpff
ďεE
«
sup
ps,yqPr0,T sˆr0,1sd
|σps, yq|p
ff
` CT,p,η,εE
ż T
0
sup
yPr0,1sd
|σps, yq|p ds, (2.29)
where
CT,p,η,ε “ inf
qą 4`d
1´η
"ˆ
1`
qCT,p,η
q ´ p
˙
pq´
q
p pq ´ p` qCT,p,ηq
q
p
´1
ε
q
p
´1
*
, (2.30)
and the constant CT,p,η is bounded by the right hand side of (2.28).
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3. Transportation inequality
3.1. The main results. Let E :“ C0pr0, 1s
d;Rq be the space of all continuous functions
f from r0, 1sd to R satisfying fpxq “ 0 for all x P Bpr0, 1sdq, endowed with the uniform
metric
dE,8pf1, f2q :“ sup
xPr0,1sd
|f1pxq ´ f2pxq|, f1, f2 P E,
and let ET :“ Cpr0, T s;Eq be the space of all continuous functions from r0, T s to E,
endowed with the uniform metric
dET ,8pu1, u2q :“ sup
pt,xqPˆr0,T sˆr0,1sd
|u1pt, xq ´ u2pt, xq|, u1, u2 P ET .
Let tupt, xq, pt, xq P r0, T s ˆ r0, 1sdu be the unique solution of the equation (1.1). For
any µ P MpEq, let P µ be the distribution of the solution tupt, xq, pt, xq P r0, T s ˆ r0, 1sdu
on ET such that the law of u0 is µ. Particularly, if µ “ δu0 for some u0 P E, we write
P u0 :“ P δµ0 for short.
Here are the main results of this section.
Theorem 3.1. Under (C1), (C2) and pHηq, for any deterministic initial value u0 P E.
the law P u0 satisfies the T2-transportation inequality on the space ET with respect to the
uniform metric.
Applying Proposition 2.3 and Theorem 3.1 and using the same approach in the proof
of [27, Theorem 3.1], we can get the following transportation inequality for the stochastic
heat equation with random initial values, whose proof is omitted here.
Corollary 3.2. Under (C1), (C2) and pHηq, and µ P MpEq. Then
W 2
2
pQ,P µq ď 2CHpQ|P µq, @Q P MpET q (3.31)
holds for some constant C ą 0 if and only if
W 2
2
pν, µq ď 2cHpν|µq, @ν P MpEq (3.32)
holds for some constant c ą 0.
3.2. The proof of Theorem 3.1. We will apply the Girsanov theorem to prove The-
orem 3.1. To do this, we need the following lemma describing all probability measures
which are absolutely continuous with respect to P u0. It is analogous to [9, Theorem 5.6]
in the setting of finite-dimensional Brownian motion and [16, Lemma 3.1] in the setting
of space-time white noise. For the completeness, we give its proof here.
Lemma 3.1. Let Q be a probability measure on ET such that Q ! P
u0. Define a new
probability measure Q on the probability space pΩ,F ,Pq by
dQ :“
dQ
dP u0
puqdP. (3.33)
Then there exists an H-valued predictable process h “ thpsq, s P r0, T su such thatż T
0
}hpsq}2
H
ds ă 8, Q´ a.s., (3.34)
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and the process
rBt :“ Bt ´ ż t
0
hpsqds, t P r0, T s, (3.35)
is a cylindrical Wiener process on H under Q. Furthermore,
HpQ|P u0q “
1
2
EQ
ż T
0
}hpsq}2Hds, (3.36)
where EQ denotes the expectation under the probability measure Q.
Proof. The proof is adapted from [9, Theorem 5.6]. Let
Mt :“
dQ
dP
ˇˇˇ
Ft
, t P r0, T s.
Then pMtqtPr0,T s is a nonnegative P-martingale. Let τ :“ inftt ě 0;Mptq “ 0u ^ T
with the convention infH :“ 8. Then Qpτ “ T q “ 1, and the martingale M can be
represented as the stochastic exponential of another continuous local martingale L:
Mptq “ exp
ˆ
Lptq ´
1
2
rLst
˙
, t ă τ, (3.37)
where Lptq “
şt
0
dMpsq
Mpsq
for t ă τ . By the martingale representation theorem (e.g., [5,
Theorem 2.3]), we know that there is a predictable process h “ thptq; t P r0, τqu valued
in H such that ż t
0
}hpsq}2Hds ă `8, t ă τ, P´ a.s.,
and
Lptq “
ż t
0
hpsqdBs “
8ÿ
k“1
ż t
0
xhpsq, ekyHdB
k
s , t ă τ,
where the above integral is defined as in (2.12). By the Girsanov theorem (e.g., [5,
Theorem 2.2] or [6, Theorem 10.14]), we know that
rBt :“ Bt ´ ż t
0
hpsqds, t P r0, T s
is a cylindrical Wiener process on H under Q.
Let τn :“ inf tt P r0, τq; rLst “ nu^τ with the same convention that infH :“ 8. Then
τn Ò τ , P-a.s., and by the martingale convergence theorem, we have
HpQ|P u0q “EPMT logMT “ lim
nÑ8
EPMT^τn logMT^τn “ lim
nÑ8
EQ logMT^τn
“ lim
nÑ8
EQ
ˆ
LpT ^ τnq ´
1
2
rLsT^τn
˙
.
By Girsanov formula, tLpt^ τnq´ rLst^τn, t P r0, T su is a Q-local martingale, then a true
martingale since its quadratic variation process under Q, being again trLst^τn , t P r0, T su,
is bounded by n. Consequently, EQpLpT ^ τnq ´ rLsT^τnq “ 0. Substituting it into the
proceeding equality and by the monotone convergence, we have
HpQ|P u0q “
1
2
lim
nÑ8
EQprLsT^τnq “
1
2
EQrLsT “
1
2
EQ
ż T
0
}hpsq}2Hds.
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The proof is complete. 
Proof of Theorem 3.1. For any Q ! P u0 such that HpQ|P u0q ă 8, let Q be defined as
(3.33) and h be the corresponding process appeared in Lemma 3.1. Then it is easy to
see that the solution of equation (1.1) satisfies the following equation:
upt, xq “
ż
r0,1sd
Gtpx, yqu0pyqdy `
ÿ
kě1
ż t
0
xGt´spx, ¨qσpups, ¨qq, ekyHd rBks
`
ż t
0
ż
r0,1sd
Gt´spx, yqbpups, yqqdyds
`
ÿ
kě1
ż t
0
xGt´spx, ¨qσpups, ¨qq, ekyH ¨ xhpsq, ekyH ds. (3.38)
Consider the solution of the following equation:
vpt, xq “
ż
r0,1sd
Gtpx, yqu0pyqdy `
ÿ
kě1
ż t
0
xGt´spx, ¨qσpvps, ¨qq, ekyHd rBks
`
ż t
0
ż
r0,1sd
Gt´spx, yqbpvps, yqqdyds. (3.39)
By Lemma 3.1, (2.12), and (2.13), it follows that under probability measure Q, the law of
pv, uq forms a coupling of pµ, νq. Therefore, by the definition of the Wasserstein distance,
we have
W 22 pQ,P
u0q ď EQ
«
sup
pt,xqPr0,T sˆr0,1sd
|upt, xq ´ vpt, xq|2
ff
. (3.40)
In view of (3.36) and (3.40), to prove the T2-transportation inequality, it is sufficient to
show that
EQ
«
sup
pt,xqPr0,T sˆr0,1sd
|upt, xq ´ vpt, xq|2
ff
ď CEQ
ż T
0
}hpsq}2
H
ds. (3.41)
for some constant C independent of v. From (3.38) and (3.39), we have
upt, xq ´ vpt, xq “
ÿ
kě1
ż t
0
xGt´spx´ ¨qrσpups, ¨qq ´ σpvps, ¨qqs, ekyH d
rBks
`
ż t
0
ż
r0,1sd
Gt´spx, yqrbpups, yqq ´ bpvps, yqqsdyds
`
ÿ
kě1
ż t
0
xGt´spx, ¨qσpups, ¨qq, ekyH ¨ xhpsq, ekyH ds. (3.42)
Thus,
|upt, xq ´ vpt, xq|2 ď3
ˇˇˇˇ
ˇÿ
kě1
ż t
0
xGt´spx, ¨qrσpups, ¨qq ´ σpvps, ¨qqs, ekyH d
rBks
ˇˇˇˇ
ˇ
2
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` 3
ˇˇˇˇż t
0
ż
r0,1sd
Gt´spx, yqrbpups, yqq ´ bpvps, yqqsdyds
ˇˇˇˇ2
` 3
ˇˇˇˇ
ˇÿ
kě1
ż t
0
xGt´spx, ¨qσpups, ¨qq, ekyH ¨ xhpsq, ekyH ds
ˇˇˇˇ
ˇ
2
“:3r|I1pt, xq|
2 ` |I1pt, xq|
2 ` |I3pt, xq|
2s. (3.43)
By Proposition 2.3, we obtain that for any ε ą 0,
EQ
«
sup
pt,xqPr0,T sˆr0,1sd
|I1pt, xq|
2
ff
ďεEQ
«
sup
pt,xqPr0,T sˆr0,1sd
|σpupt, xqq ´ σpvpt, xqq|2
ff
` CT,2,η,εE
Q
ż T
0
sup
yPr0,1sd
|σpups, yqq ´ σpvps, yqq|2ds
ďεL2σE
Q
«
sup
pt,xqPr0,T sˆr0,1sd
|upt, xq ´ vpt, xq|2
ff
` CT,2,η,εL
2
σ
ż T
0
EQ sup
pr,xqPr0,ssˆr0,1sd
|upr, xq ´ vpr, xq|2ds, (3.44)
where CT,2,η,ε is the constant in (2.30) with p “ 2. By Cauchy-Schwarz’s inequality,
(4.51) in Appendix and the Lipschitz continuity of b, we obtain that
EQ
«
sup
pt,xqPr0,T sˆr0,1sd
|I2pt, xq|
2
ff
ď
˜
sup
pt,xqPr0,T sˆr0,1sd
ż t
0
ż
r0,1sd
Gt´spx, yqdyds
¸
ˆ EQ
˜
sup
pt,xqPr0,T sˆr0,1sd
ż t
0
ż
r0,1sd
Gt´spx, yq |bpups, yqq ´ bpvps, yqq|
2
dyds
¸
ďTL2bE
Q
˜
sup
pt,xqPr0,T sˆr0,1sd
ż t
0
sup
pr,yqPr0,ssˆr0,1sd
|upr, yq ´ vpr, yq|2
ż
r0,1sd
Gt´spx, yqdyds
¸
ďTL2b
ż T
0
EQ sup
pr,yqPr0,ssˆr0,1sd
|upr, yq ´ vpr, yq|2ds. (3.45)
For the third term, by assumption (C2) and Lemma 4.1 in Appendix, we have
EQ
«
sup
pt,xqPr0,T sˆr0,1sd
|I3pt, xq|
2
ff
ďK2σ
˜
sup
pt,xqPr0,T sˆr0,1sd
ż t
0
}Gt´spx, ¨q}
2
H
ds
¸
ˆ EQ
ˆż T
0
}hpsq}2
H
ds
˙
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ďK2σCG,T,ηE
Q
ż T
0
}hpsq}2
H
ds, (3.46)
where CG,T,η is the constant given in (4.55). Now, for every T ą 0, define
Y pT q :“ EQ
«
sup
ps,xqPr0,T sˆr0,1sd
|ups, xq ´ vps, xq|2
ff
.
Recall that (see e.g. Theorem 3.2 in [14] or Proposition 3.2 in [19], combined with
Garsia’s lemma)
EQ
«
sup
pt,xqPr0,T sˆr0,1sd
|upt, xq|2
ff
` EQ
«
sup
pt,xqPr0,T sˆr0,1sd
|vpt, xq|2
ff
ă 8. (3.47)
Hence Y pT q ă 8 for any T ą 0. Putting (3.43)-(3.46) together, we have
Y pT q ď3εL2σY pT q ` 3pCT,2,η,εL
2
σ ` TL
2
bq
ż T
0
Y psqds
` 3K2σCG,T,ηE
Q
ż T
0
}hpsq}2Hds. (3.48)
Taking ε “ ε0 :“
1
6L2σ
and subtracting 1
2
Y pT q from both sides of the above inequality
yield
Y pT q ď 6
`
CT,2,η,ε0L
2
σ ` TL
2
b
˘ ż T
0
Y psqds` 6K2σCG,T,ηE
Q
ż T
0
}hpsq}2
H
ds. (3.49)
Obviously, (3.49) still holds if we replace T with any t P r0, T s. Hence we can use
Gronwall’s inequality to obtain that
Y pT q ď 6K2σCG,T,ηe
6pCT,2,η,ε0L2σ`TL2bqTEQ
ż T
0
}hpsq}2
H
ds.
This proves (3.41). The proof is complete. 
4. Appendix
To make reading easier, we present here some results on the kernel G associated with
equation (1.8).
Let
Htpxq :“
ˆ
1
4pit
˙ d
2
exp
ˆ
´
|x|2
4t
˙
, x P Rd, t ą 0.
From Lemma 7 of [3], we have
Gtpx, yq ď Htpx´ yq, @t ą 0, x, y P r0, 1s
d. (4.50)
Hence, it is easy to see thatż
r0,1sd
Gtpx, yqdy ă1, (4.51)
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r0,1sd
Gtpx, yq
2 dy ă sup
yPr0,1sd
Gtpx, yq ˆ
ż
r0,1sd
Gtpx, yq dy ă p4piq
´ d
2 t´
d
2 . (4.52)
Lemma 4.1. Suppose hypothesis pHηq holds. Then for any t ą 0 and x P r0, 1s
d,
}Gtpx, ¨q}
2
H
ď Kη
´
1_
´ η
8pi2
¯η
t´η
¯
, (4.53)
where Kη is the constant in (1.6). Consequently, we haveż T
0
}Gtpx, ¨q}
2
H
dt ď CG,T,η, @x P r0, 1s
d, (4.54)
where
CG,T,η :“
#
p1´ ηq´1Kη
`
η
8pi2
˘η
T 1´η, if T ď η
8pi2
;
KηT `
η2
8pi2p1´ηq
, if T ą η
8pi2
.
(4.55)
Proof. By (2.10) and (4.50), we have for any t ą 0,
}Gtpx, ¨q}
2
H
“
ż
r0,1sd
dy1
ż
r0,1sd
dy2Gtpx, y1qGtpx, y2qfpy1 ´ y2q
ď
ż
Rd
dy1
ż
Rd
dy2Htpx´ y1qHtpx´ y2qfpy1 ´ y2q
“
ż
Rd
dy1
ż
Rd
dy2Htpy1qHtpy2qfpy1 ´ y2q
“
ż
Rd
e´8pi
2t|ξ|2λpdξq
ď sup
ξPRd
´
e´8pi
2t|ξ|2
`
1` |ξ|2
˘η¯
ˆ
ż
Rd
1
p1` |ξ|2qη
λpdξq
ďKη
´
1_
´ η
8pi2
¯η
t´η
¯
.
Based on the above inequality, it is easily to obtain (4.54). The proof is complete. 
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